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ABSTRACT: We extend our lattice model of gel electrophoresis (and diffusion) to the study of the
continuum limit (no lattice effect) for hard spherical particles migrating in periodic and random three-
dimensional gels. To reach the continuum limit, the mesh size of the system is progressively decreased
until a clear extrapolation to the continuum limit (where the size of the lattice parameter is infinitely
small in comparison to the size of the gel fibers) can be done. Various types of gel are studied, starting
from simple periodic parallel and straight fibers to a representation of a more realistic gel formed of
irregular, cross-linked fibers placed along random directions. Our mobility data for pseudospherical
particles in the continuum limit are interpreted in terms of the obstruction model of diffusion.

I. Introduction
Over the past few years we have developed a new

microscopic model to study the gel electrophoresis (or,
equivalently, the thermal diffusion) of hard particles.
Our lattice model allows us to compute exact reduced
mobilities µ* (or exact reduced diffusion coefficients D*)
as well as exact free available volumes, f, for arbitrary
gel structures and particle shapes in any dimension d
g 2.1-6 Because of the large computer resources needed
to obtain exact results, we were first forced to study
relatively simple and somewhat unrealistic particles and
gels (e.g., two-dimensional systems, square particles,
etc.). However, we recently proposed a much more
efficient numerical approach7,8 that makes it possible
to tackle much larger (hence more realistic) analyte-
gel systems. This article is the first one in which we
study pseudospherical analytes migrating in realistic
three-dimensional gels. Such systems closely correspond
to the main reason why Ogston models are used to
interpret electrophoretic data.1-13

Originally, the main goal of our investigation was to
verify the standard Ogston-Morris-Rodbard-Chram-
bach (OMRC) model,9-11 as well as a data analysis
method based mostly on the so-called Ferguson plot.12,13

In the framework of the OMRC model, the low-field
reduced mobility µ*(C) of an analyte is assumed to be
equal to its free available volume f(C):

where µ0 is the free (no obstacle) mobility, φ(C) the
excluded volume, and C the obstacle concentration.
While never proven (experimentally or theoretically),14

this assumption is the starting point the OMRC model,
which is widely used within the electrophoresis com-
munity.

For a specific system, namely a spherical particle in
a random array of infinitely long (but un-cross-linked)
fibers, Ogston9 showed that the fractional volume avail-
able to the analyte was given by

where R, r, and a(C) are the radii of the analyte, gel
fiber, and gel pore, respectively. For the Ogston ideal
“gel”, the mean pore size a(C) is given by (this formula
was derived for infinitely thin fibers)

where ν is the concentration of fibers per unit volume
and l the average fiber length. This leads to

where K ∝ (R + r)2 is the so-called retardation coef-
ficient. This implies that the Ferguson plot (ln µ vs C
or ln µ* vs C) should be linear. In such cases, one can
easily extract the retardation coefficient from the slope.
Furthermore, when the square root of the retardation
coefficient is plotted as a function of the particle radius
R, the value of R where K(R) ) 0 (found by extrapolating
K1/2 to negative values of R) gives -rK, which is an
estimate of the fiber radius r.

An effective mean pore size aK can also be estimated
when using the OMRC model to analyze experimental
data. For example, the plot of the root of the log of the
mobility as a function of the particle size (x-lnµ vs R)
should yield a straight line with a slope given by the
inverse of the pore size. More frequently, one assumes
that R . r to obtain a value from the data using the
fact that we then have µ*(R)a) ) e-π/4 = 1/2.15

In the previous parts of this series, we studied square
or cubic particles diffusing in two-dimensional periodic,
random, and fuzzy gels (parts I, II, III, and V1-3,5) and
three types of three-dimensional periodic gels (parts IV
and V4,5). For all these sieving gels, the basic assump-
tion of the OMRC model, namely, that the low-field gel
electrophoresis mobility µ of a (rigid) particle is propor-
tional to the fractional gel volume f ) 1 - φ available
to the particle, was found to be inaccurate, except for
the nonrealistic case where the gel constraints (the
obstacles) were reset randomly at each time step (cor-
responding to a mean-field approximation or an an-
nealed gel).1 We also showed that, for two-dimensional
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gels, the curvature of the so-called Ferguson plot was
related to the degree of disorder in the gel1 and that
certain gel architectures can have nontrivial sieving
properties.3 We further demonstrated that a modified
Ferguson plot can nevertheless provide useful semi-
quantitative information about the gel properties (such
as a reliable estimate of the mean pore size)1-3 and that
the occasional presence of inflection points in the
Ferguson plot may be explained by the effect of obstacle-
analyte attractive interactions.5 Finally, we studied the
mobility of small oligomers and found the Ogston model
to be insufficient to describe the movement of these
molecules.6

In this article, we present a detailed study of pseu-
dospherical analytes migrating in three-dimensional
gels, clearly a very Ogston-like system.9 Our aim is to
study the continuum limit and to draw fundamental
conclusions about realistic systems without hydrody-
namic interactions. The paper is organized as follows.
After a short overview of our model and numerical
techniques (section II), the mobility of the analyte is
calculated for infinite periodic straight fibers placed
perpendicularly to the net motion of the particle (section
III). In section IV, the mobility is calculated for four
types of three-dimensional gels. The first two are
periodic and are made of straight infinite fibers placed
along the three orthogonal axes with and without cross-
links (section IV). The last two are random: one is made
of straight orthogonal fibers places randomly, while the
last one is made of irregular cross-linked fibers placed
along random directions. Our conclusions are presented
in section V.

II. The Model
Many computational methods can be used to study

the diffusion (random or biased, with or without con-
straints) of a particle. However, most of them, like
molecular dynamics and Brownian dynamics simula-
tions, are very CPU intensive, and the steady-state
regime is sometimes hard to reach. To obtain better
statistics faster, lattice models can be used. In such
models the migration of the particle is represented by
a random walk on a finite-size lattice (usually with
periodic boundary conditions) where certain sites are
forbidden (this may represent, e.g., gel fibers). These
investigations often involve Monte Carlo methods and,
with modern computers, allows one to follow the diffu-
sion of millions of independent (or even interacting)
particles over physically meaningful distances. The
approach is quite simple. One simply records the posi-
tion x of the analyte as a function of time t and then
estimates the mobility:

where ε is the dimensionless field intensity. In absence
of a field one can estimate the diffusion coefficient as

Lattice Monte Carlo simulations can also provide in-
formation about the short time dynamics of the par-
ticles. However, when only the low-field steady-state
regime (D of µ) of an isolated particle is of interest, we
demonstrated in part I of this series that lattice simula-

tions are not necessary since the Monte Carlo algorithm
can in fact be solved exactly for the mobility (or for the
diffusion coefficient) in the zero-field limit.1,7 In other
words, we find directly µ or D without recording x as a
function of time. This greatly simplifies the analysis
since we then obtain exact values. However, our method
is only useful for isolated analytes in the zero-field limit.

A. The Lattice Random-Walk Model. In the lattice
random-walk model, the particle moves by making
discrete jumps of length L ) 1 (the lattice parameter)
and duration τ ) 1 (in scaled units). For a rigid particle
(which can be of any desired shape; note however that
particle rotation is not allowed) evolving on a three-
dimensional cubic lattice with an electric field ε pointing
in the +x direction, the probabilities for the next jump
to be in the various possible directions ((x, (y, and (z)
are, to first order in ε, given by1

The rules for this model are quite simple: at each time
step the particle moves to one of the six adjacent sites
according to the probabilities given by eq 7. However,
since a particle cannot overlap with an obstacle (rep-
resenting a gel fiber), a jump leading to this situation
is rejected and the particle returns to its previous
position. Note that the current time is increased by the
time step (τ ) 1) even when the jump is rejected. The
jump rejection rule models the steric (hard core) inter-
actions between the analyte and the gel fibers. Other
types of analyte-fiber interactions are not taken into
account but can also be included.5

B. Exact Mobilities. The mobility µ is defined as the
velocity v of the particle divided by the intensity ε of
the applied field (eq 5). Consider a particle of mass M
(where M is the number of lattice cells occupied by the
particle) evolving on a lattice of size s × s × s (using
periodic boundary conditions). We first calculate the
steady-state probability of presence (ni) of the particle
on each of the available sites (defined as the sites where
the center of mass of the particle can be placed without
having any part of the particle overlapping with gel
fibers). Since the probabilities ni are coupled to each
other (because of the jump dynamics), the problem can
be reduced to the solution of a large system of linear
equations. We then calculate the mean local velocity of
the particle on each site (vi). This step is straightforward
since the latter depends only on the occupancy (by an
obstacle) of the nearest-neighbor sites.1 The average
velocity of the particle is then given by v ) ∑inivi. The
reader can consult parts I-V of this series1-5 as well
as refs 7 and 8 for more details.

Since we are interested in the low-field limit ε f 0,
all our calculations are carried to first order in ε, and
we drop all higher order terms. Recently, we found that
we can actually eliminate the need for an arbitrary
(finite) value of ε in the case of a vanishing electrical
field.7,8 The calculation of the exact mobility is then
reduced to the solution of a purely numerical (no
reference to the field parameter ε) system of S linear
equations (where S e s3 is the number of available sites)
of the form (we use the Dirac notation where matrices
are represented by uppercase letters, scalars by lower-
case letters, and row and column vectors by respectively
bras and kets):

µ ) 1
ε

lim
tf∞

〈x(t)〉
t

(5)

D ) lim
tf∞

〈x(t)2〉
2t

(6)

p(x ) 1 ( ε

6
+ O(ε2), p(y ) p(z ) 1

6
(7)

AI|nε〉 ) -Aε|nI〉 (8)
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where AI, Aε, |nI〉, and |nε〉 are the field-independent
(subscripts I) and field-related (subscripts ε) terms of
the transition matrix A ) AI + εAε and probability vector
|n〉 ) |nI〉 + ε|nε〉. Note that the only unknown here is
the probability correction term |nε〉. Therefore, with our
approach, the problem of finding the zero-field mobility
of an analyte is reduced to the solution of a (large)
system of linear equations. This system of linear equa-
tions can be directly solved using, e.g., Maple or Math-
ematica, in which case the mobility can be expressed
in terms of a (huge) rational fraction or with a number
of well-known numerical algorithms integrated within
a lower level language (e.g., Fortran, C) program. With
our homemade Fortran program (which automatically
writes and solves the linear equations), we have been
able to solve problems corresponding to lattices as large
as 80 × 80 × 80 on standard Pentium-based worksta-
tions. Once |nε〉 is found, the resulting scaled mobility
can easily be computed as

where µ0 is the free (no obstacle) mobility of the particle.
We refer the reader to refs 7 and 8 for a complete
derivation of the preceding equations.

C. Diffusion Problems. It turns out that our ap-
proach can also be used to study diffusion problems
since the zero-field mobility is related to the diffusion
coefficient through the Nernst-Einstein relation:

where D and D0 are respectively the diffusion coef-
ficients of the analyte with and without obstacles.
Therefore, it is possible to reinterpret all the data in
the current article as being related to the diffusion of
spherical particles in quenched gels when the hydro-
dynamic interactions are neglected. Obstructed diffusion
is of great interest in a large number of physical,
biological, and chemical problems.16-20 Numerous groups
have studied this problem, and an impressive number
of analytical and empirical theories, often contradicting
one another, have been developed. Amsden recently
reviewed different models and concluded that the
obstruction models in general provided the best agree-
ment to the experimental data for heterogeneous hy-
drogels.17 But even when only steric interactions are
considered, many competing theories still remain. Apart
from the standard Ogston model, one of the most often
used is probably the stretched exponential:21

where both a and b are constants. In his review, Amsden
concluded that for heterogeneous gels the stretched
exponential and the very simple Tsai and Streider
model18

were the most consistent with the literature data.
Finally, the diffusion problem can also be related to

other transport properties. For example, many groups
have studied the electrical properties (i.e., the conduc-

tivity) of a conductor containing nonconducting patches
(e.g., holes) using the diffusion algorithm.19

D. Random Systems. Our method allows one to
obtain the exact mobility of the analyte for any specific
finite size lattice system (using periodic boundary
conditions) of any dimensionality (d g 2). For periodic
systems of obstacles, this means that one can obtain the
exact mobility in one iteration. However, the situation
is different if there is any degree of randomness in the
obstacle distribution. Using our approach, it is possible
to find the exact mobility for specific realizations of the
disorder, but we then need to average over various
realizations to yield a meaningful mobility µ*(C) or
diffusion coefficient D*(C). This introduces a statistical
error and explains why an uncertainty will be associated
with the mobilities for the random systems. We also
need to be careful with finite size effects. When calcu-
lating an average mobility for a disordered system, we
are usually interested in the thermodynamic limit (an
infinite system, s f ∞). To obtain reliable results, the
system has to be sufficiently large so that finite-size
effects are negligible in comparison with the uncertainty
resulting from the ensemble averaging process. For a
complete discussion on these topics, see ref 8.

E. Modeling Spheres on a Cubic Lattice. For our
system to be the most realistic possible, we chose to give
the diffusing particle a “spherical” shape (and the gel
fibers a “cylindrical” shape). Since the particles are
evolving on a cubic lattice, our “spheres” are rather
peculiar. Figure 1 shows the shape of our spherical
particles (on a cubic lattice) for diameters 2R varying
from 1 to 10. To build a pseudospherical analyte of size
2R, we first center the particle (at the center of a unit
cube for odd diameters and on a lattice site for even
diameters) and we add the unit cubes whose centers are
within a distance R of the starting position. The
particles obviously become perfect spheres in the R f
∞ limit.

Note that, for the calculation of the mobility, the
problem of a particle of radius R diffusing in a gel with
cylindrical fibers of radius r is equivalent to the problem
of a particle with an effective size r′ ) r + R diffusing
in a gel with infinitely thin fibers (or vice versa). The
relevant parameter of the problem is thus the excluded
volume φ(R,r,C), which corresponds to the fraction of
the volume not accessible to the analyte when the latter
is reduced to a pointlike object. When calculating the
mobility, we will use the simple procedure22 of replacing
a given system by a pointlike analyte and gel fibers of
effective size r′ ) r + R. To obtain the results in term
of “real” system parameters (R, r, and C), the relation
between the excluded volume φ, the particle size R, the
gel fiber size r, and the gel concentration C needs to be
found. This relation can be very simple for periodic

µ* ) v
µ0ε

)
〈v|n〉
µ0ε

)
〈vI|nε〉 + 〈vε|nI〉

µ0
(9)

D* ) D
D0

) lim
εf0

µ
µ0

(10)

D* ) e-aφb
(11)

D* ) 1

1 + 2
3
φ

(12)

Figure 1. Spherical particles (on a cubic lattice) for diameters
2R varying from 1 to 10.
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structures but can become quite complicated when
considering complex gels. The original Ogston paper
gives an example of such a calculation,9 but real gels
are different because they are cross-linked.

Note that it is not clear what a pointlike object
corresponds to on a lattice. For instance, on a two-
dimensional square lattice, a lattice site can be seen
either as a pointlike object (i.e., a lattice point vertex)
or as a 1 × 1 plaquette. While important for small
analytes and fibers, this distinction becomes irrelevant
in the continuum limit. In the following we will consider
that the migrating analyte is a pointlike object (a lattice
point vertex) and that the excluded volume φ is the
fraction of lattice sites inaccessible to the analyte.

F. The Continuum Limit. The mobility (or diffusion
coefficient) generally depends on the type of lattice used.
This is so because the lattice amplifies the effect of the
particle and obstacle shapes and modifies the correlation
between consecutive events. To obtain experimentally
relevant results, we need to consider the continuum
limit, i.e., the limit where the size of the lattice
parameter is infinitely small in comparison with the size
of the analyte and obstacles. In this limit, the results
are independent of the lattice type and correspond to
the ones obtained with off-lattice Monte Carlo simula-
tions. These two conditions are met, and our method
thus provides valid and very precise numerical data
with much less computing time.

In a separate article, we discuss a simple method to
reach the continuum limit.23 The procedure is to pro-
gressively decrease the “mesh size” ê of a given problem,
i.e., to decrease the relative size of the lattice parameter
while keeping R and r constant. For example, let us
consider the problem shown in Figure 2. In this system,
a pointlike particle is migrating through a two-dimen-
sional gel made of isolated square obstacles placed
periodically. The separation between the obstacles is set
to twice their linear size, resulting in a gel concentration
(volume fraction) φ ) C ) 1/9. With the effective radius
set at r′ ) 1/2, the mesh size ê is then reduced to zero.
Figure 2 shows different views of the gel system for
decreasing ê while Figure 3 shows the resulting reduced
mobility µ* as a function of ê for a pointlike analyte.
The mobility converges toward µ* ) 0.922(1) in the ê f
0 (continuum) limit.

To obtain the dependence of the mobility upon the
excluded volume φ (or the obstacle concentration C), one
needs to repeat the procedure for different values of
excluded volumes φ and then fit the (ê f 0) extrapolated
mobility data. Because we did not have any specific
mathematical formula to use to fit our numerical data,
we chose to use the general polynomial form

Since we are mainly interested in the low concentration

limit φ , 1, only the first few coefficients are relevant.
To obtain the ai coefficients with more accuracy, we
actually fit the function

In this case, a1 correspond to the ordinate axis, a2 to
the slope, and a3 the curvature of the plot. This also
ensures that the expansion in integer powers of φ is
valid. For example, if there were a φ1/2 term in the µ(φ)
expression, the g function would actually diverge at φ
) 0.

Another approach to reach the continuum limit
consists of finding the dependence (also in a polynomial
form) of the mobility µ*(ê,φ) upon the excluded volume
φ for a large number of mesh sizes ê and then estimate
the resulting polynomial coefficients ai(ê) in the ê f 0
limit. While less intuitive, this latter approach gives
better results for small excluded volumes. For the
Ogston hypothesis to be correct (eq 1), we must have a1
) -1 and aig2 ) 0.

III. Straight Fibers Perpendicular to the Field
Figure 4 shows a particle migrating in a “gel” made

of straight, infinitely long parallel fibers. While the
system is not a good representation of a gel, its sym-
metry of translation (the fibers are placed periodically)
allows us to reduce it to the periodic two-dimensional
system shown in Figure 5a. (We limit our study to the
migration perpendicular to the gel fibers.) Since two-
dimensional systems are computationally much easier
to study than three-dimensional ones, this special case
is a useful starting point for our investigation.

Figure 2. Transformation of a simple lattice problem as the
mesh size ê is decreased. The “gel” is made of isolated square
obstacles placed periodically; the concentration C (or volume
fraction φ) is 1/9.

µ*(φ) ) 1 + ∑aiφ
i (13)

Figure 3. Mobility of a pointlike analyte as a function of the
mesh size ê for the system shown in Figure 2.

Figure 4. A three-dimensional periodic gel made of straight,
parallel, and infinitely long fibers of radius r ) 1/4. There is
no fiber aligned in the field direction. An analyte of radius R
) 1/4 is also shown. The mesh size is ê ) 1/8.

g )
µ*(ê,φ) - 1

φ
(14)
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A. Obtaining the Mobility. As briefly discussed in
section IIE, when one is only interested in the mobility,
the system shown in Figure 5a is formally equivalent
to those of Figure 5b,c. Note that because of the
imperfections of our lattice spheres, this equivalence will
only be exact in the continuum limit (ê f 0).

We will now focus on finding the dependence of the
mobility of a pointlike analyte upon the excluded volume
φ (in terms of a polynomial form) for different mesh sizes
(ê). The procedure is the following. First, a mesh size ê
is chosen. Then the zero-field mobility of the particle is
calculated exactly, using the method described in section
IIB and refs 7 and 8, for increasing separations between
the gel fibers (i.e., for decreasing excluded volume
fractions φ). The excluded volume φ corresponds to the
proportion of sites occupied by the effective fibers.
Finally, a polynomial fit of the form

is used to describe the dependence of the mobility upon
the excluded volume φ. Figure 7 shows an example of
such fit for a system with a lattice parameter ê ) 1,
using a triangular and a square lattice. As expected,
the two lattices give different results except in the trivial
case φ ) 0. For all excluded volumes φ, the analyte has
a larger mobility on the triangular lattice because of the
larger lattice coordination number; i.e., the analyte has
more ways to avoid consecutive collisions with an

obstacle. In both cases, the curvature is positive, a
characteristic of periodic gels.

B. The Continuum Limit. The procedure described
in section IIIA has been carried out for mesh sizes ê
varying from 1/100 to 1 on square and triangular
lattices. Figure 7 shows the first coefficient a1 for square
and triangular lattices as a function of the mesh size ê.
The fluctuations of these very precise values can be
explained by the roughness of our lattice “spheres” (our
gel fibers will only take the perfect cylindrical shape in
the ê f 0 limit). As expected, the results for the first
coefficient is independent of the lattice type in the
continuum limit, and the results converge toward the
same value (a1(êf0) ) -1.002(8)) for both lattices.
Similarly, we obtain a2 ) +1.01(5) for the square lattice
(although less precise, the results for the triangular
lattice agree with this value; not shown). In fact, the
extrapolated value for the third coefficient a3 (not
shown) also converges toward a value of -1 (however,
the uncertainties are much larger). These results seem
to indicate that an excellent description of the depen-
dence of the mobility upon the obstructed volume (for
small values of φ) is provided by the simple formula

This can be verified in Figure 8 where the inverse of
the mobility is plotted as a function of the excluded
volume for various mesh sizes ê. Simple linear relations
provide excellent agreement with the data, especially
for small mesh sizes, for excluded volumes as large as
φ = 20%. Furthermore, the data become closer to the
relation given by eq 16 as the mesh size ê decreases,
indicating that it is indeed the correct relation in the
continuum limit. This result, which has been predicted
theoretically in ref 18 using variational principles,
agrees with the OMRC model (µ ) 1 - φ) to first order.
Of course, this formula is not valid for large values of φ
since it does not predict a percolation threshold. (For
instance, eq 16 predicts µ ) 1/2 at φ ) 1, while we must
have µ ) 0 when φ g π/4 for our system of cylindrical
fibers.) Nevertheless, it would give essentially perfect
fits for all realistic “gel concentrations” (e.g., φ < 20%)
in the continuum limit. In a separate article,23 we
showed that near the percolation threshold φ ) φ* )

Figure 5. (a) Two-dimensional representation of the system
shown in Figure 4. This problem is equivalent to that of a
particle with an effective size R′ ) r + R ) 1/2 diffusing in a
gel with infinitely small fibers (b) or to the one of a pointlike
particle and gel fibers of effective size r′ ) r + R ) 1/2 (c). Note
that, for visual reasons, the pointlike objects are shown as 1
× 1 plaquettes. The mesh size is ê ) 1/8.

Figure 6. Mobility µ* as a function of the excluded volume φ
for a system made of two-dimensional periodic obstacles, using
a square and a triangular lattice (in both cases the mesh size
is ê ) 1). The solid lines are the best third-order polynomial
fits.

µ*(ê,φ) ) 1 + ∑ai(ê)φi (15)

Figure 7. Coefficients a1(ê) and a2(ê) vs the mesh size ê for a
system made of two-dimensional periodic obstacles. The
extrapolated values are a1(0) ) -1.003(6) and a2(0) ) +1.01(5)
for the square lattice and a1(0) ) -1.00(1) for the triangular
lattice Inset: coefficients a1(ê) and a2(ê) for 2D isolated
obstacles placed randomly, along with the a1 data for the
periodic obstacles (both results correspond to cases with a
square lattice).

µ*(φ) ) 1
1 + φ

= 1 - φ + φ
2 - φ

3 + ... (16)
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π/4 the data agree with a power-law decay, and we
proposed a simple interpolation function which gives
excellent agreement with our data for all values of the
obstructed volume φ. We also showed that eq 16 can be
generalized to the case of “hyperspherical” periodic
obstacles in d dimensions:

for low values of excluded volume.
C. Randomly Placed Fibers. In a previous part of

this series,1 we reported that adding randomness in the
distribution of obstacles does not affect the first coef-
ficient (a1) but does change the second one (a2). In fact,
we showed that, in the case of isolated square obstacles
in two dimensions, the sign of the second coefficient
actually changes from positive to negative as the degree
of randomness is increased. However, all our calcula-
tions were done using a single mesh size ê ) 1. To verify
that this effect is still present in the continuum limit,
we repeated the calculations for various mesh sizes. The
inset of Figure 7 shows the first two coefficients as a
function of the mesh size for a two-dimensional gel made
of randomly placed circular obstacles (or, equivalently,
for the system shown in Figure 4 but with randomly
distributed parallel fibers). The data for the first coef-
ficient (a1) of the periodic gel shown in Figure 4 were
also added to the plot. As expected, the randomness does
not affect the first coefficient, and the two sets of data
coincide perfectly. However, the second coefficient con-
verges to a negative value: a2(êf0) ) -0.66(2). Thus,
the effect previously observed was real; i.e., it was not
a lattice artifact: randomness does change the sign of
the second coefficient a2.

D. Ferguson Plots and Gel Parameters. Following
our previous work,2-4 we now analyze our data in terms
of the standard OMRC model. First let us define the
effective retardation coefficient as

For this system of parallel straight fibers, the excluded
volume of the analyte is given exactly by

Substituting this relation into eq 13, we obtain

In the continuum limit we have a1(êf0) ) -1; thus

According to these results, finding the value of the fiber
size by extrapolating K1/2 to negative values of R until
K1/2 ) 0 is thus perfectly valid as long as the fiber
concentration is kept small.

For this simple gel, the concentration is given by

where 2a(C), the pore diameter, is trivially given by the
separation between two consecutive obstacles. (This is
the size of the largest particle that would have a nonzero
mobility in this system.) For small concentrations (a(C)
. r), we thus have a(C) ∝ 1/xC, which is consistent with
the OMRC theory and Ogston’s calculation.9 Substitut-
ing this result into eq 20, we get

which is the main result of the OMRC model (eq 2)
although our definition of the retardation factor K
slightly differs from that given in eq 4. Therefore,
although OMRC’s fundamental assumption eq 1 is
invalid, the data analysis procedure based on this model
remains useful in practice.

IV. Three-Dimensional Gels
We now look at more realistic three-dimensional

systems where the fibers are not restricted to point in
only one direction. A prediction for the dependence of
the mobility upon the excluded volume can be made
using a simple argument. The previous section demon-
strated that when the gel fibers are placed perpendicu-
larly to the movement of the particle, the mobility of
the particle can be expressed as (at least for realistic
gel concentrations)

Since fibers parallel to the motion of the particle will
not affect its net migration, we can argue that the
reduced mobility of the analyte should be (at least as a
first approximation) given by

when 1/3 of the gel fibers are parallel to the motion. Note
that this relation is equivalent to the Tsai and Streider
equation (12).

Figure 8. Inverse mobility 1/µ* vs the obstructed volume φ
for various mesh sizes ê. The solid lines are linear fits, and
the dashed line is eq 16, the suggested asymptotic result for
the ê f 0 continuum limit.
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A. Periodic Gels. Figure 9 shows two periodic gels
formed of straight fibers placed along the three orthogo-
nal axis. In the first case (Figure 9a), each fiber follows
an axis placed at the center of two other orthogonal
fibers. Therefore, this gel is not cross-linked. In the
second case (Figure 9b), three orthogonal fibers share
one or more sites (depending on the size of the fibers)
so that the gel forms a network with a cagelike
structure.

As in section III, the dependence of the mobility upon
the excluded volume φ was calculated in terms of a
polynomial for decreasing mesh sizes ê. As expected, the
first coefficient (a1) of the polynomial expression (eq 13)
is identical for the two gels. In the low excluded volume
limit the number of cross-links is very small and does
not affect the migration of the analyte. The results for
a1 for the gel without cross-links (Figure 9a) are shown
in Figure 10 as a function of ê. The data for the gel with
cross-links (Figure 9b) agree with Figure 10 (not shown).
Again, the small fluctuations are due to the imperfect
lattice “spheres”. The extrapolation to the continuum
limit (a1(êf0)) is remarkably close to the predicted value
of -2/3. For larger values of excluded volume φ, the
specific geometry of the gel is important: this is why
the two gels have different coefficients ai for i > 1. This
can be seen in the inset of Figure 10 where the
extrapolated mobility µ*(êf0) is plotted as a function
of the total obstructed volume φ. While the mobility for
the gel without cross-links (Figure 9a) follows nicely eq
25 for obstructed values as large as 10%, the mobility
for the cross-linked gel (Figure 9b) diverges from eq 25
for relatively small obstructed volumes (∼5%). In fact,
for the latter gel, the sign of the second coefficient a2 is
different from the one predicted by eq 25! We thus see

that the structure of the gel has an important effect on
the dependence of the mobility upon the excluded
volume. Therefore, a general relation describing the
dependence of the mobility upon the excluded volume
φ, independent of the gel structure, can only give rough
estimates. This is a clear demonstration of the failure
of the OMRC hypothesis (eq 1). This also shows that eq
25 is not general but corresponds to the precise gel
shown in Figure 9a.

B. Random Gels. Although instructive, all the cases
studied until now (2D systems, periodic systems, straight
fibers, etc.) were probably poor representations of gel
electrophoresis. We now look at the case of two different
random gels. In the first one, the gel fibers are placed
randomly in space but kept straight and parallel to the
x, y, and z axes. This type of un-cross-linked gel is very
close to the one originally proposed by Ogston.9 Figure
11a shows an example of such a system.

The second one is the most realistic one since it is
formed of irregular cross-linked fibers placed along
random directions (Figure 11b). To generate such a gel,
we first join two sites, randomly chosen, by a biased
random walk. During this random walk, the “jumping”
probability (along one of the orthogonal axis) is simply
given by the ratio of the number of sites separating the
two ends along this direction to the total separation.
After completion of the first fiber, we choose two
occupied sites (already part of the gel) and join them
using the same rules but forcing them to go out of the
primitive cell via the periodic boundary conditions
(PBC). This last step is repeated until the right con-
centration (previously chosen) is obtained. We finally
increase the fibers size by a factor r′/ê in order to obtain
the right mesh size. This leads to a connected network
of “cylindrical” fibers with somewhat random shapes but
still fairly rigid. While this gel still suffers from many
imperfections, it is clearly the most realistic representa-
tion of a true gel that we have studied.

As we did for the other gels, we plot the coefficient
a1, which characterizes the low-concentration limit, as
a function of the mesh size ê (Figure 12). For compari-
son, the data for the non-cross-linked periodic gel
described in the previous section were added to the plot.
We note that, for both random gels, the values of the a1
coefficient are apparently identical to the ones obtained

Figure 9. Two periodic three-dimensional gels with straight
orthogonal fibers. (a) Without cross-link. (b) The gel forms a
cross-linked network with a cagelike structure.

Figure 10. First coefficient of the polynomial expression of
the dependence of the mobility upon the excluded volume for
the gel shown in Figure 9a. The ê f 0 extrapolated value is
a1 ) -0.66(1). Inset: reduced mobility µ* vs the total ob-
structed volume φ for the gels shown in Figure 9. The line is
eq 25.
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for the periodic gel, thus leading to an expected extrapo-
lated value of -2/3. This confirms our previous results
that the first coefficient changes with the shape of the
obstacles but is independent of the distribution of the
obstacles. Therefore, we expect to have a1 ) 2/3 for all
representations of long stiff fibers, as long as the
distribution of the fibers is isotropic. The higher coef-
ficients (aig2), however, are not universal and are
strongly affected by the specific geometry of the gel.

C. Gel Parameters. Following section IIID, we now
analyze the data using the method suggested by the

OMRC model. For our first system (the non-cross-linked
periodic gel shown in Figure 9a), the excluded volume
is simply given by

leading to (using the fact that we have a1 ) -2/3)

For the other gels (Figures 9b and 11a,b), the presence
of cross-links will slightly change the dependence φ(C)
of the excluded volume upon the concentration. For low
concentrations, however, eq 26 is a very good ap-
proximation. Therefore, the plot of the square root of
the retardation coefficient K as a function of the particle
radius R will lead to a straight line, and again the value
of R at which K(R) ) 0 will give the fiber radius r.

In the case of the non-cross-linked periodic gel (Figure
9a), the obstacle concentration can be expressed as

For low concentrations (a(C) . r) we thus find a(C) ∝
1/xC, which is again consistent with the OMRC theory.
Finally, substituting eq 2 into the polynomial fit, we get

Again, we find a form very similar to the one used with
the OMRC model (eq 2), although new numerical
coefficients have appeared.

V. Conclusions
In this article we presented a study of pseudospherical

analytes migrating in three-dimensional gels without
hydrodynamic interactions. We showed that the use of
a lattice to treat diffusion processes has an important
impact on the numerical results. For example, the
dependence of the mobility (or the diffusion coefficient
since µ* ) D* in the low-field limit) upon the excluded
volume of the analyte changes drastically if we vary the
mesh size of a given problem or if we change the lattice
type (e.g., square vs triangular lattice). However, if one
properly extrapolates toward the continuum limit,
where the lattice parameter is infinitely small in
comparison to all the other length scales, the results
become independent of the lattice type and correspond
to those of similar off-lattice simulations (but they
require less CPU time). Our study of the continuum
limit revealed that the geometry of the gel has a strong
impact on the dependence of the mobility upon the
excluded volume, thus confirming our previous work.
If we express our results in terms of a polynomial
expansion, we found that the first coefficient, which
characterizes the low excluded volume limit, changes
with the shape of the obstacles but is independent of
the distribution of the obstacles. For example, we found
a1 ) -1 for isolated cylindrical fibers perpendicular to
the particle motion for both periodic and random
distributions. For the case of an isotropic three-
dimensional gel made of long fibers, we found the

Figure 11. Two types of random three-dimensional gels. (a)
Straight fibers placed randomly along the three orthogonal
axis. (b) Gel formed of irregular, cross-linked fibers placed
along random directions. In both cases, the primitive cell (of
periodicity s ) 30) is repeated eight times for a better view.

Figure 12. First coefficient (a1) of the polynomial expression
of the dependence of the mobility (µ*) upon the excluded
volume φ for the gels shown in Figure 11. The data for the
periodic gel (Figure 9) are added for comparison. All extrapo-
lated values are consistent with the predicted value of -2/3.
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universal value a1 ) -2/3. Since this result was insensi-
tive to the presence of cross-links or randomness in the
fiber distribution and that it seems to be valid even
when we have tortuous fibers (as long as we keep the
distribution isotropic), we believe that it will apply to
any realistic gel. Note that this difference (a1 ) -1 vs
a1 ) -2/3) is not only a dimensional one: for example,
the case of isolated spherical obstacles in three dimen-
sions gives a1 ) -1/2.23 While the first coefficient (a1)
seems to be independent of the distribution of obstacles,
it is not the case for the other coefficients aig2. Even
the second coefficient (a2) is strongly affected by the
specific geometry of the gel. For example, changing a
simple periodic system to a random distribution or
adding some cross-links can make the second coefficient
to change its sign. The main assumption in the OMRC
model, namely that the low-field mobility is directly
proportional to the available volume f ) 1 - φ, is thus
incorrect. The first coefficient is not, in general, equal
to -1, and the higher ones are not equal to 0. However,
for three-dimensional gels made of long stiff fibers, a
modified relation, µ ) 1 - 2/3φ, seems to be a good
approximation, in the low excluded volume limit, for any
type of gel.
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